We prove the following Gallai-type equality
Introduction Let G = (V (G), E(G)) be a graph with p = |V (G)| vertices. Let α(G), β(G)
, α (G) and β (G) be the vertex covering number, the vertex independence number, the edge covering number and the edge independence number of G, respectively. In [3] , Gallai established his now classic equalities involving these invariants: 540 S. Zhou
here in (II) G is assumed to have no isolated vertices. Now there are a number of similar Gallai-type equalities for a variety of graphical invariants. The reader is referred to [2] for a comprehensive survey on this topic. The purpose of this paper is to prove a Gallai-type equality for the total domination number of G.
A subset D of V (G) is said to be a dominating set of G if each vertex in V (G) − D is adjacent to at least one vertex in D. The minimum cardinality of a dominating set of G is the domination number of G, denoted by γ(G). A dominating set D is a total dominating set of G if the subgraph G [D] induced by D has no isolated vertex. Note that G admits total dominating sets if and only if it contains no isolated vertex. In such a case, the total domination number of G, denoted by γ t (G), is defined to be the minimum cardinality of a total dominating set of
is connected. For a connected graph G, the connected domination number γ c (G) is the minimum cardinality of a connected dominating set of G. A degree-one vertex of a graph is said to be a pendant vertex; and an edge incident with a pendant vertex is a pendant edge of the graph. Denote by ε(G) the maximum number of pendant edges in a spanning forest of G. In [6] Nieminen gave the following Gallai-type equality for domination number γ(G).
Theorem 1 ([6]). γ(G) + ε(G) = p.
A similar equality holds for connected domination number. Denote by ε T (G) the maximum number of pendant edges in a spanning tree of a connected graph G. Hedetniemi and Laskar [5] proved
for any connected graph G. To the best knowledge of the author, there has been no similar Gallai-type equality so far for total domination number in the literature. In this paper we will provide such an equality, which has the same spirit as above.
For a spanning forest F of G, we denote by s(F ) the number of pendant edges of F minus the number of star components of F . (A star is a complete bipartite graph K 1,n for some n ≥ 1.) Denote by ε t (G) the maximum s(F ) taken over all spanning forests F of G. Our main result is the following theorem.
Theorem 2. Let G be a graph with no isolated vertex. Then
γ t (G) + ε t (G) = p.
Proof of Theorem 2
In order to prove Theorem 2, let us first review some basic ideas (see [1, 2, 4] ) involved in the derivation of a lot of known Gallai-type equalities.
Let S be a finite set and Q a property associated with the subsets of S. If a subset X of S possesses Q, then we call X a Q-set; otherwise a Q-set. In the following we suppose that Q is cohereditary (or expanding as used in [2] ) in the sense that whenever X is a Q-set and
Let β Q (S) be the minimum cardinality of a Q-set of S, and α Q (S) the maximum cardinality of a Q * -set of S. It is not difficult to see [2, Theorem 2 ] that X ⊆ S is a Q-set if and only if X = S − X is a Q * -set. This implies the following basic Gallai-type equality:
P roof of T heorem 2. Let V = V (G) be the vertex set of G. Let Q be the property defined on the subsets of V such that X ⊆ V is a Q-set if and only if it is a total dominating set of G. Then obviously Q is cohereditary and β Q (V ) = γ t (G). We have the following claim. ≤ p) , since G contains no isolated vertex, each x i is either adjacent to another x j or adjacent to a vertex in a nontrivial component of F . (A nontrivial component is a connected component with at least two vertices.) Hence we can add some edges of G to F such that each x i is incident with exactly one of the added edges. In this way we get a new spanning forest F of G containing no isolated vertex. It is not difficult to check that s(F ) ≤ s(F ). Thus, α Q (V ) is actually the maximum s(F ) taken over all spanning forests F . That is, α Q (V ) = ε t (G). Now from (2) we get γ t (G) + ε t (G) = p and the proof of Theorem 2 is complete.
